We study axially symmetric solutions with no swirl of the three dimensional NavierStokes equations in a half-space. We prove that suitable weak solutions in this case are Hölder continuous up to the boundary at all points except for the origin. For interior points this implies smoothness in the spatial variables. Hölder continuity at the origin remains as an open problem.
Introduction
We consider a vector field in a half-space ¢ ¡ £ , it is known that such solutions are regular (see [3] , [7] and [15] ).
Our main result is that suitable weak solutions of the Navier-Stokes equations are locally Hölder continuous up to the boundary 2 1 3 ¡ £ 5 4 7 6 2 8 @ 9 B A C " D F E H G I
. It follows that in ¥ ¡ £ A P D Q E R G S the solutions are smooth in spatial variables § . The main tools are the partial regularity results of suitable weak solutions of the NavierStokes equations (see [1] , [4] , and [10] for interior case and see [12] for boundary case) and the maximum principle for the azimuthal component of vorticity, which was also used to prove full regularity in the case of ¥ ¡ . Our result implies that the only possible singular point for axially symmetric solutions with no swirl in ¥ ¡ £ would be the origin. It seems to be open whether or not singularity may occur at the origin and so we leave it as an open problem.
The plan of the paper is as follows: In section 2, we introduce notation and definitions and review some well-known facts for our proof, and finally state our main theorem.
In section 3, we present the proof of the main theorem.
Preliminaries and main result
In this section, we introduce notation and definitions and also recall some well-known results used later, and finally state our main theorem. Let us begin with notation.
, and in a half-space ¥ ¡ £ as follows:
with initial and boundary conditions
where 
¦ satisfies the following global energy inequality:
3.
¦ and satisfy the following local energy inequality:
for a.e.
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and for all non-negative function!W
The existence of suitable weak solutions was proved in [1] and slight modified definition of it are observed in other contexts (see [4] , [10] and [12] 
It is well-known that weak solutions are smooth in spatial variables and Hölder continuous in time in a neighborhood of an interior regular point (see [13] ). At the boundary such solutions are Hölder continuous at each regular point, while the higher regularity seems to be open (see [12] ).
On the other hand, it is also well-known that weak solutions are smooth and unique for a short time for given smooth data and ¦ y (see e.g. Theorem 3.2 in [14, page 22] or Theorem 9.3 in [2, page 80]). Here we recall a well known result regarding a Hausdorff measure of possible singular set of time (see e.g. [8] , [11] , and [14] [1] (see also [4] , and [10] ) and for the boundary case proved recently in [12] . Therefore, it suffices to investigate behavior of solutions near § ¡ $ axis provided that it is axially symmetric.
We conclude this section by stating main theorem and its proof will be given in next section.
Main Theorem Let
¦ be a suitable weak solution of (1) which is axially symmetric with no swirl in a half space
The proof of main Theorem
We recall that the partial regularity results imply that all points " ³ 3 E V with § n e § n μ ¬ D are regular because, as mentioned earlier, singularity cannot happen away from the axis of symmetry for axially symmetric solutions. Therefore, we only have to prove that every point in
is regular. In the sequel, we only consider a fixed suitable weak solution ¦ of (1) which is axially symmetric with no swirl. Here we assume that and ¦ y are smooth and compactly supported. For convenience, we denote
. Let us start with a simple observation.
Lemma 3.1 There exist two sequences
, and every point in
Proof. We only show the validity to the case of a decreasing sequence " » ¼ ( { ¼ ½
. The other part can be proved by the similar argument. Suppose there is no such sequence. Then there is an interval
. We collect all such points and denote it by
Note that ² r Ç is a subset of possible singular set and it can be easily checked that 1-dimensional parabolic Hausdorff measure of ² Ç is finite, not zero. In fact,
. However, in [1] , it was proved that the 1-dimensional parabolic Hausdorff measure of a possible singular set is zero, which leads to a contradiction. Therefore, such sequence must exist. The existence of an increasing sequence " ¾¾ ¼ { ½ can be proved by the similar argument, and therefore we omit the details. This completes the proof. 
for each
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We also consider a set
, which is related with ¹ £ Ï and defined as follows: 
We can also see that the system (1) can be written in the cylindrical coordinates (see e.g. 
and it solves the following single equation in
with smooth initial condition î y h A 7 ¦ y and boundary
. Now we define an axially scalar function
and simple calculations show that it satisfies the following equation in
We can apply the maximum principle to 
In the same manner, we can also extend
, we consider the following equations:
Then (8) becomes
where ó indicates the Laplace operator in five dimension. To sum up, (6) is converted to 5-dimensional parabolic equation (9) 
by interchanging coordinates. Now we are ready to prove the main theorem. 
The Proof of Main Theorem
, and consider parabolic domains 
